We consider regular and singular perturbations of the Dirichlet and Neumann boundary value problems for the Helmholtz equation in ndimensional cylinders. Existence of eigenvalues and their asymptotics are studied.
Introduction
We consider regular and singular perturbations of the Neumann and Dirichlet boundary value problems for H (m) 0 := −(∆ + µ m ) in n-dimensional cylinder Π = (−∞, ∞) × Ω, where Ω ⊂ R n−1 is a simply connected bounded domain with C ∞ -boundary for n ≥ 3 and is an interval (a, b) for n = 2. Hereinafter, µ j and φ j are the eigenvalues and eigenfunctions of −∆ ′ :=
in Ω subject to the same type of the boundary condition on ∂Ω as in the original unperturbed boundary valued problem for H (m) 0 := −(∆ + µ m ) on ∂Π, µ j < µ j+1 , j = 1, 2, . . . . The functions φ j are assumed to be normalized in L 2 (Ω). The Neumann problem is a mathematical model describing acoustic waveguide while the Dirichlet one corresponds to a quantum waveguide. It is known that unperturbed boundary value problems have no eigenfunctions in H 1 (Π). At the same time such eigenfunctions and eigenvalues (bound states) can emerge under perturbations. We study the questions on existence and absence of such emerging eigenvalues and constructing their asymptotic expansions. Both cases of regular and singular perturbations of these boundary value problems are considered. The regular perturbation treated in the next section is performed by a small localized linear operator of second order. The example of such operator is a small complex potential as well as other perturbations considered in [1] for the Schrödinger operator on the axis. Other examples are small deformations of strips and cylinders which can be reduced to the case we consider by a change of variables [2] - [5] . As a singular perturbation of the Dirichlet and Neumann boundary value problems in Π we consider the switching of type of boundary condition at a small segment of the boundary. Such a choice is motivated by a number of articles having appeared recently and containing both rigorous results for quantum waveguides ( [3] , [6] ) as well as non-rigorous asymptotic results (see [7] , [8] and other articles of these authors on singularly perturbed two-and three-dimensional quantum waveguides given in the bibliography of [7] , [8] ). These formal asymptotics were derived by the method of matching of asymptotic expansions [9] on the basis of scheme employed in [10] - [12] for constructing the asymptotics for scattering frequencies of Helmholtz resonator. However, rigorous justification of the asymptotics for these scattering frequencies adduced in [10] - [12] is based on the compactness of obstacle (boundary) and due to this fact it can not be applied to the case of a waveguide. The question on an estimating of the inverse operator for singularly perturbed waveguides (providing a possibility to justify formal asymptotics) is treated in the third section. In two concluding sections we construct the leading terms for asymptotics of the eigenvalues and poles for singularly perturbed quantum and acoustic waveguides.
Regular perturbation
Hereinafter H j loc (Π) is a set of functions defined on Π whose restriction to any bounded domain
In this section we study the existence and the asymptotics of the eigenvalues of the Dirichlet and Neumann boundary value problems for H − εL ε in Π. For a small complex k, we define a linear operator
where
(where ν is normal) as
and satisfies the boundary condition in (2.2). Substituting (2.3) into (2.2), we get that (2.3) gives a solution for (2.2) if 
Applying the operator S (m) ε (k) to both sides of the equation (2.4), we obtain that
The equality (2.6) allows us to determine g ε φ m . Substituting its value into (2.5), we easily get the formula
Formulas (2.7) and (2.
is a solution of the equation
is the solution of the equation
and, hence, λ
ε is the eigenvalue which due to (2.8) has the asymptotics 
Singular perturbations. Convergence of poles and representation of solutions near poles
Assume for simplicity in describing the of perturbations that the domain Ω coincides with half-space x n > 0 in some neighborhood of the origin (in variables x ′ ), ω is a (n − 1)-dimensional bounded domain in the hyperplane x n = 0 having smooth boundary, ω ε = {x : xε −1 ∈ ω}, Γ ε = ∂Π\ω ε . For a given f ∈ L 2 (Π; Q), we consider two singularly perturbed boundary value problems
, we denote by σ ε : H 2 (Q) → H 1 (Q) the inverse operator for the following boundary value problems
Let χ ± (x 1 ) be an infinitely differentiable mollifier function equalling to one for ±x 1 ≤ R/2 and vanishing for ±x 1 ≥ R, Π ± = {x : x ∈ Π, ±x 1 > 0}, p ± be the restriction operator from Π to Π ± , p Q ± be the restriction operator from Π ± to Π ± ∩ Q,
We construct the solution of (3.1) in the form
where g ε is a some function belonging to L 2 (Π; Q). Substituting (3.2) into (3.1), by analogy with [13] we deduce that this function is a solution of (3.1) in the case
where, for any fixed ε, T (m) ε (k) is a holomorphic operator-valued function and, for any fixed k, T
. Analyze of this family with respect to ε (which is similar to [14] and based on [13] ) and the representations (3.2), (3.3) imply that there exists one pole k (m) ε → 0 of the solution of (3.1) and for small k, this solution meet the representation
at this pole is a solution to the equation
, satisfies the boundary conditions from (3.1) and for any fixed x 1 converges to φ m (up to a multiplicative constant) as ε → 0. This convergence, the representation (3.2) and the definition of A (m) there is no an eigenvalue if Re k
Thus, in fact we need to construct and to justify asymptotics of the pole k As it has been mentioned above, the formal construction of complete asymptotics of poles for the boundary valued problems (3.1) and for Helmholtz resonator [10] - [12] is similar. That's why in the next two section we will construct first perturbed terms of poles only. the same order with respect to ε. This degree determines the first term in the interior layer for ψ (m) ε , while the right hand side of (4.2) (rewritten in variables ξ and for k = k (m) ε ) determines the asymptotics of this term as ρ = |ξ| → ∞. Due to these reasons we construct asymptotics as 
where Γ = {ξ : ξ n = 0, ξ / ∈ ω}. It is known, there exists the solution X n of (4.5) with asymptotics X n (ξ) = ξ n + c n (ω)ξ n ρ −n + o (ρ −n+1 ) as ρ → ∞, where c n (ω) > 0. Thus it follows from (4.4) that 
. Therefore, the pole k 
